This paper examines the dynamic dependence structure of crude oil and East Asian stock markets at multiple frequencies using wavelet and copulas. We also investigate risk management implications and diversification benefits of oil-stock portfolios by calculating and comparing risk and tail risk hedging performance. Our results provide strong evidence of time-varying dependence and asymmetric tail dependence between crude oil and East Asian stock markets at different frequencies. The level and fluctuation of their dependencies increase as time scale increases. Furthermore, we find the time-varying hedging benefits differ at investment horizons and reduced over the long run.
Introduction
Crude oil remained the world's leading fuel, accounting for 32.9% of global energy consumption in 2016 and BP's Statistical Energy Outlook suggests that it will continue to play a similar role until 2035. The influence of oil prices has become crucial for world economic development. It is fair to argue that oil remains to be one of the biggest drivers of the global economy. Furthermore, with the financialization of commodity markets, oil price not only have been concerned with macroeconomic factors, but also have become a critical part in financial field. Owing to differing volatile returns and low correlations between commodity and stock markets, crude oil has become an additional investment tool for international portfolio diversification between stocks, bonds, and currencies [1, 11] . Analyzing price co-movements between crude oil and stock markets is an essential component of modern finance, especially in derivative pricing, portfolio optimization and risk management.
In this paper, we investigate the dynamic dependence between crude oil and East Asian stock markets. Many literatures have examined the oil-stock relationship [2] [3] [4] for many developed countries, while the problem of how they work on the developing region such as East Asia attracts less attention. In fact, this is an interesting and important subject. Over the previous decades, East Asian has emerged as the world's fastest growing regional economy and become one of the three core economic regions (along with Europe and North America) [12] . The region's miraculous economic growth and dynamism has become a popular topic for academic and business research [7, 8] . East Asia shows an increasing demand for oil. Additionally, the majority of East Asian oil imports are from the Middle East, and there has been no regional mechanism in East Asia to stockpile emergency petroleum supplie [24] , which makes East Asia highly susceptible to oil shocks such as the 2003 Iraq invasion or the 2006 OPEC cut agreement. Therefore, crude oil price fluctuations had a greater impact on East Asian economies than the developed countries. On the other hand, the hedging benefits from diversification has been a major subject in the financial literature for decades. East Asian stock markets suffered huge losses in the periods of 1997 Asian and 2008 global turmoil. Investors seek to minimize the risk associated to their investment and to improve the risk-return tradeoff of their portfolios in times of financial crises. More precisely, investors look to a more defensive diversification strategy by choosing to invest in alternative assets such as crude oil. These particularities of East Asia have therefore attracted a great deal of attention from global investors, portfolio managers, policy makers and the financial press. Understanding the dynamic dependence between crude and East Asian stock markets is of great importance to those interested in global allocation and risk management.
Although the idea of utilizing crude oil as a diversification tool for financial assets attracted much attention, we found no consensus regarding their linkage. For example, in [9] , the authors suggest that there is a negative relationship between oil price shocks and international equity returns. In [13] , the authors conclude that oil is a nearly perfect diversification tool for stocks due to their null, or even negative correlation. However, in [6] , the authors documents that an increase in oil prices exhibits a positive effect on the equity returns. The decreasing benefit of adding crude oil to stock portfolios over the past ten years is find in [3] .
Another limitation of the literatures is that they are restricted to one or, at most, two aspects-the short and long term, paying little attention to the specific dependence structure for oil and stock markets by considering multiple frequencies. In this paper, we fill this gap and contribute to current literatures in two ways.
First, this research is novel in that, we extend previous analyses by modelling oil-stock relationship using wavelets and copulas, which can provide information on both dependence and tail dependence at different frequencies. This unique setting provides information on both the over-time and cross-scale dynamic dependences, which are crucial for portfolio allocation and risk management.
The second way we contribute to literatures is that, we investigate the implications of their dependence and tail dependence for risk management purpose at different investment horizons. More precisely, we investigate the time-varying risk and downside risk hedging performance by calculating and comparing the variance and expected shortfall of oil-stock portfolios to stock-only portfolios at different frequencies. The empirical results provide strong evidence that oil is an effective hedge and safe haven against East Asian stock markets.
The remainder of the article is organized as follows. Section 2 introduces the model specification, including the marginal distributions, wavelet transform and the conditional copula functions. Section 3 briefly describes our data. In Section 4, we present and discuss our empirical results. In Section 5, we investigate risk management implications of oil-stock dependence and tail dependence at different investment horizons. Section 6 concludes.
Model Specification
Our model combines the wavelet transform analysis and the conditional copula functions to examine the relationship of the markets. Specifically, we utilize the wavelet transform to decompose the standardized shocks obtained from marginal models into time series at different frequency, and then employ the conditional static and dynamic copula functions to capture their constant and dynamic interdependence and tail dependence across different time horizons respectively.
Marginal Distribution Models
We first model the marginal distribution for each asset market. We assume that the autoregressive-generalized autoregressive conditional heteroskedasticity (AR-GARCH) type models for the conditional mean and variance. The equation of the return series ( , ) is as follows:
where is the conditional mean, , is the conditional variance, , is the standardized residual, and ℱ −1 is the information set.
and are the vector of parameters. We use the Akaike Information Criterion (AIC) and the Bayesian Information Criterion (BIC) to determine the order of mean equation (p) and consider the volatility models in the Glosten-Jagannathan-Runkle-generalized autoregressive conditional heteroscedasticity (GJR-GARCH) (1, 1, 1) process [14] as follows:
where 0, and , are parameters for mean equation, , , , and are the GJR-GARCH parameters for variable i, > 0, , , ≥ 0, , −1 is equal to 1 when , −1 < 0 and 0 otherwise. We assume that the standardized shocks , follow the Hansen's skewed-t distribution [15] as follows:
where ≡ 4 . and are the skewness parameter and degree of freedom parameter, respectively. An inspection of the various formulas reveals that this density is defined for 2 < < ∞ and −1 < < 1. If = 0, Hansen's skewed t-distribution is then reduced to the traditional t-distribution, which is not skewed. If, in addition, → ∞ , the tdistribution collapses to the normal density.
Therefore, we obtain the estimated standardized shocks ̂, as
where � 0, , � , , and � , are the estimates of each parameter.
Maximal Overlap Discrete Wavelet Transform (MODWT)
Next, we use wavelet analysis to decompose the estimated standardized shocks ̂, into different time scales in order to capture the dynamics of the series across different time horizons (short-, medium-, and long-term). Specifically, we compute the wavelet coefficient by applying the maximal overlap discrete wavelet transform (MODWT) that overcome the dyadic length sample size (i.e., a sample size divisible by 2 ) restriction of discrete wavelet transform (DWT). In Sections 2.2.1 and 2.2.2, we seek to provide a brief review of a few DWT and MODWT techniques. Many more details can be found in the references [20] [21] [22] .
Discrete Wavelet Transform (DWT) and DWT-Based Multi-Resolution Analysis
Here, we provide a brief discussion on the DWT and its multi-resolution analysis. We denote the wavelet (high-frequency) filter by ℎ , = 0, … , − 1 and the scaling (low-frequency) filter by , = 0, … , − 1 for discrete compactly supported filters of the Daubechies class [10] . By definition, the wavelet filter satisfies
= 0 (6) for all nonzero integers n so that the wavelet filter sums to 0, has unit energy, and is orthogonal to its even shifts. The scaling filter is also required to satisfy the last two conditions of Equation (6) . Besides, the wavelet and the scaling filter have the quadrature mirror filter relationship satisfying
Consider , = 0, … , − 1 a column vector of N observations of a real-valued time series. We assume that the sample size N is an integer multiple of 2 , where J is a positive integer. The jth level wavelet and scaling coefficients of DWT is given by
where the length of −1, is N 2 −1 and we start the pyramid algorithm from = 0, with = 1.
After repeating the algorithm with = 2, 3, … , , we obtain all the vectors of wavelet coefficients 1 , 2 , … , and a single vector of scaling coefficients V ( The other vectors of scaling coefficients 1 , 2 , … , −1 can be regarded as intermediate computations.). Thus, we can reconstruct the jth level time series namely wavelet detail , and wavelet smooth , by using the j + 1th level wavelet and scaling coefficients as follows:
where , = � 0, = 0, 2, … , 
Thus, we can represent the multi-resolution representation of the original time series by
where represents the vector of the estimated standardized residuals; and , and , are the Jth order wavelet smooth and the jth order detail, respectively. The wavelet smooth provides the approximated trend, while the wavelet detail captures the local volatility over the different time horizons 2 days.
MODWT and MODWT-Based Multi-Resolution Analysis
Due to some limitations of the DWT, we employ here the MODWT (introduced by [5] ). MODWT can overcome the dyadic length sample size requirements of DWT and both the MODWT wavelet and scaling coefficients, and multiresolution analysis are undecimated or shift-invariant [17, 18, 23] .
The wavelet and scaling filters of MODWT ℎ � and � are rescaled as ℎ � = ℎ /√2, and � = /√2. Thus, we compute the MODWT wavelet and scaling coefficients for levels = 1, 2, … , using circular linear filtering as follows:
Thus, we can reconstruct the MODWT wavelet detail � , and wavelet smooth ̃, as follows:
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Then, equation
constitutes an MODWT multi-resolution analysis analogous to Equation (12) . Due to the limitation of the DWT that restricts the sample size to an integer multiple of 2, the MODWT is used in this study. The MODWT can provide all the functions of DWT and is well defined for any sample size. The wavelet and scaling coefficients and multiresolution analysis of MODWT are shift-invariant, implying that it does not change the location of events in time and the pattern of wavelet transform coefficients [20] [21] [22] . Thus, in our empirical analysis, we employ MODWT to decompose the daily data and choose = 6 to measure the local volatility over 2 days (daily effect), 4 days (weekly effect), 8 days, 16 days (monthly effect), 32 days, and 64 days, respectively.
Copula Functions
Next, we measure the dependence structure between two assets by using the conditional copula functions, that is, the conditional joint distribution of the probability integral transforms of the standardized shocks. [19] extended the theorem of [25] to the conditional copula function, which states that a conditional joint distribution can be decomposed into different conditional marginal distributions and a conditional copula function.
Consider the bivariate stochastic process = ( 1 , 2 )′ with a conditional joint distribution F and conditional marginal distributions 1 and 2 . Thus,
where is the conditional copula of and ℱ −1 is the information set. We consider the copula functions as follows:
where is assumed as the parameter of any kind of copula functions. We take into account possible time variations in the copula function by considering the dependence parameters to vary according to an evolution equation that is specified a linear dependence parameter evolved according to an ARMA (1, 10) process-type process (see [19] ):
where ∆( ) is a logistic transformation, parameter is the constant term, is the autoregressive term, and is the transformed term. Copula functions can not only measure the dependence between two variables, but they can also provide information on tail dependence by measuring their extreme upward or downward probability. The conditional upper tail dependence ( ) and lower tail dependence ( ) are defined as follows:
where , ∈ [0, 1]. If = 0, the probability of an extremely large value for variable 1 together with an extremely large value for another variable 2 is zero, which means that they are asymptotically independent in the conditional upper tail dependence. If ∈ (0, 1], the variable 1 and 2 are asymptotically upper tail dependent. The conditional lower tail dependence can be described in a similar way. If = 0, the two variables have conditional lower tail independence, while if ∈ (0, 1], then they have conditional lower tail dependence. Here, we employ Normal copula, Student's t copula, Clayton copula, Rotated Gumbel copula, and Symmetrized Joe-Clayton (SJC) copula, to analyze the symmetric and asymmetric dependence and tail dependence structures. Appendix A describes these five copula functions including both constant copula function (as a benchmark) and dynamic copula.
Estimation Method
We first estimate the marginal models by using the maximum likelihood estimation (MLE). The log-likelihood function is given by
where ( ′ , ′ )′ are the parameters of the marginal models. Second, we use the wavelet method to decompose the standardized shocks obtained from marginal models into time series across different timescales.
Finally, we estimate the copula functions scale by scale using MLE. The log-likelihood function is given by
Data
Our data consists of daily returns of crude oil and East Asian stock market indexes. We use the West Texas Intermediate (WTI) Cushing Crude Oil Spot Price Index for oil prices. For East Asian stock markets, three representative East Asian countries are selected-Japan, China, and South Korea. All stock indexes are extracted from the Morgan Stanley Capital International (MSCI) indexes. Our sample includes 4120 daily observations from 4 January 2000 to 28 October 2016. Table 1 presents the descriptive statistics. Clearly, all returns distributions are against normal as measured by the skewed distribution and excess kurtosis. 
Empirical Results
In this section, we present the empirical results of the relationship between crude oil and East Asian stock markets. Our application is firstly based on an AR-GJR-GARCH process for marginal distributions. Marginal models and lags are appropriately selected according to the information criteria. These estimates are presented in Table 2 . Clearly, GARCH and distributional parameters are all significant. The Q-test shows no autocorrelation in (squared) standardized residuals, indicating that the marginal distributions are properly specified. Table 2 . Estimates of marginal distribution from AR (1)-GJR-GARCH (1, 1, 1) with skewed-t distributions. Notes: Standard errors are in parentheses. The optimal AR and GARCH lags are selected according to Information Criteria.
Crude Oil Japan China South Korea
Then, the obtained standardized shocks for each variable are decomposed using MODWT analysis up to 6 levels, D1 to D6, covering the short-term, midterm, and long-term horizons. D1 (2 days) and D2 (4 days) represent the fluctuation of prices in the short-term horizon. D3 (8 days) and D4 (16 days) represent the fluctuation occurring in the midterm horizon. D5 (32 days) and D6 (64 days) represent the long term horizon in our study. Figure 2 shows the wavelet decompositions of crude oil and East Asian stock markets from D1 to D6 in our sample periods, ranging from the highest to the lowest frequency. Obviously, in all markets, the level of fluctuations decreases as time scales increase. We can observe volatility clustering effect clearly in the short term, but not in the mid-and long-term, suggesting that market price is much noisier in the short term than in the mid-and long-term. Next, we capture the joint behavior of stock and crude oil across the multiple time scales by using the conditional copula functions. Five copula functions are considered to analyze the constant and dynamic interdependence of pairs and their tail dependence, including Normal, Clayton, Rotated Gumbel, Student's t and SJC copulas. These copulas could capture different types of interdependence, with regard of asymmetry and tail dependence. The copula density functions are given in the appendix.
The constant copula estimates are reported in Table 3 . Generally, the oil-stock dependencies increase and become more significant as the time scales increase. According to log-likelihood and goodness-of-fit test, obviously, SJC copula describes the oil-stock dependencies most appropriately and accurately, suggesting that crude oil and stock returns are asymmetrically upper and lower tail dependent. The estimates of SJC copulas show that, except the very short-term (D1), crude oil and East Asian stock markets are significantly tail dependent. These results indicate that crude oil and stock markets response to identical macroeconomic shocks, however, may not simultaneously. Since the constant SJC copula describes the oil-stock dependencies best, we use the time-varying SJC copula function to investigate the dynamic dependence structures. These estimates are summarized in Table 4 . Clearly, most estimates are highly significant. According to the log-likelihood, we find that the dynamic copula offers a better fit compared to the constant copulas for in most cases, providing strong evidence that the relationship between crude oil and East Asian stock markets is time-varying at all investment horizons. Notes: Bootstrapped standard errors are reported in parentheses. log ℒ is the value of log-likelihood. Figure 3 shows the time-varying tail dependencies by dynamic SJC copula for each of the oilstock pair. These figures provide an intuitive impression into the time-varying tail dependence. Looking at these figures, we first find that tail dependencies vary significantly over time and differ in terms of the time horizons. The magnitude of these tail dependencies increase as the time scales increase. Specifically, we find very weak tail dependence in the short term, which shows the absence of co-movements between crude oil and East Asian stock markets during very short time. However, the tail dependence increased as the time scales increased and differs in bear and bull markets. These results suggest that crude oil market is more likely to be tail dependent with East Asian stock markets in the mid-and long-term than in the short term. In other words, oil market would, but not simultaneously, react to the same extreme events with East Asian stock markets. The possible reasons are (1) the accurate assessment of the market impact of extreme shocks, costing investors some time, and (2) the gradual information diffusion hypothesis by [16] . These results are important in terms of hedging strategies and portfolio risk management. In sum, according to Figures 2 and 3 , we can conclude that short-term signals are more volatile, and the relationship between short-term signals is weak and stable. While long-term signals are less volatile, but their relationship is strong and instable. That is because, the short-term signals are noisy, and there is no relationship between noise trading in crude oil and stock markets. While in the long term, both markets are more likely to suffer from the same macroeconomic shocks.
Risk Management Analysis
In this section, we investigate risk management implications of oil-stock dependence at multiple time scales. Generally, an asset is a hedge if it is uncorrelated or negatively correlated with another asset or portfolio on average and an asset is a safe haven if it is uncorrelated or negatively correlated with another asset or portfolio in times of extreme market movements. Therefore, we examine hedging effectiveness and downside risk hedging performance by comparing the Portfolio Variance (PV) and Expected Shortfall (ES). Here, we consider 2 portfolios, the stock only portfolio and the oilstock portfolio. For oil-stock portfolio, we randomly generate 100 weights from 0 to 1, and investigate the average performance of these portfolios. We simulate 1000 observations from our model for each portfolio. We choose the best-fit copula-the time-varying SJC copula, and then form the portfolio returns using the wavelet counterparts:
where s represents the time scales, w is the weight. We consider percentage portfolio variance (PV) reduction of oil-stock portfolio with respect to stock only portfolio at multiple time scales in terms of the risk reduction (RR) effectiveness ratio as follows:
A higher value of , means greater variance reduction, implying that oil can provide higher hedging benefits against East Asian stock markets. Table 5 panel A reports the PV reduction performance. Overall, all PV reduction values are positive, indicating that oil is useful in hedging the risk of East Asian stock portfolio at different investment horizons. On the other hand, these PV reduction values and their significance decrease as the time scales increase. Specifically, the hedging benefits are significant from D1 to D3, but most of these values are insignificant from D4 to D6. These results suggest a stronger hedging benefits in the short-term than those in the mid-and long-term. In addition, we examine the usefulness of crude oil in hedging downside risk performance by estimating the expected shortfall (ES) of a portfolio composed of oil and stock. The ES is given by
where , = , −1 ( ) represents the value at risk at the (1 − )% confidence level of a portfolio and (. ) is the conditional joint distribution. Similarly, we evaluated downside risk gains by evaluating percentage ES reduction of oil-stock portfolio with respect to stock only portfolio at different time scales in terms of the risk reduction (RR) effectiveness ratio as follows:
Regarding downside risk, Table 5 panel B presents the results for the ES reduction. Similarly, most of these values are positive, implying that crude oil is useful in hedging the downside risk of East Asian stock market. The ES reduction ratios are bigger and more likely to be significant in the short-term than in the mid-and long-term. Figure 4 displays dynamic PV and ES reduction effectiveness. These plots offer graphical insights into the nature of the dynamic hedging and downside risk reduction at multiple time scales. Clearly, most values are positive over time and across frequencies, implying that crude oil is useful in reducing the risk and downside risk of East Asian stock markets over the whole sample period. The short-term hedging benefits are stable, while the mid-and long-term PV and ES reduction ratios vary dramatically over time. Moreover, the hedging benefits have been reduced in the long-run.
Overall, these results point to the value of using crude oil as a hedge and safe haven against East Asian stock markets, although the hedging benefits would vary across markets and investment horizons. 
Conclusions
Crude oil is widely recognized as a strategic commodity. Its price volatility and influence has become crucial for world economic development. Besides, crude oil has become important investment tool for portfolio diversification and risk management. It is important to understand the dependence and tail dependence of oil and stock markets at multiple investment time horizons. This paper investigates the time-varying dependence and tail dependence between crude oil and East Asian stock markets across multiple time scales. We also assess the risk and downside risk hedging benefits of crude oil to East Asian stock markets. Our results provide strong evidence of time-varying dependence and asymmetric tail dependence between crude oil and stock markets at different time scales. The oil-stock dependence and tail dependence increase as the time-scale increases. Short-term signals are volatile, and their relationship is weak and stable. In contrast, longterm signals are less volatile, but their relationship is strong and instable.
Based on the analysis of the risk reduction of Portfolio Variance and Expected Shortfall, we investigate the risk and tail risk hedging performance of crude oil to stock portfolios. We find strong evidence that the hedging effectiveness vary over time and differ in terms of investment horizons. All PV and ES risk reduction values are bigger than zero, suggesting that crude oil is useful in diversifying the East Asian stock portfolio. We also find that hedging benefits decrease as time scales increase, indicating that oil is more useful in hedging the risk in the short-term than in the mid-and long-term. Our results have important implications for heterogeneous investors and market participants. 
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Appendix A. Copula Functions
The Normal copula can be written as:
where ∈ [−1, 1] is simply the linear correlation coefficient between the two random variables. −1 is the inverse of standard normal distribution function. = 0 implies the independence copula. We note that the lower and upper tail dependence of the Normal copula is zero. For the time-varying normal copula, the correlation is modelled by the transformed variable according to an ARMA (1, 10)-type process (see [19] ):
where is a logistic transformation used to keep the parameter in its (-1, 1) interval of the copula function at all times, and ( ) ≡ (1 − − )(1 + − ) −1 . The parameter is the constant term, is the autoregressive term, and is the transformed term. The bivariate Student's t copula has the following analytic form: For the time-varying Student's t copula, the correlation parameter undergoes the same transformation as in the case of the Normal to guarantee ∈ (−1, 1). We allow only the dependence and tail dependence to vary through time while the degrees of freedom remain constant.
= � + −1 + where ∆ is a logistic transformation used to keep the parameter in its (0, ∞) interval of the copula function at all times, and ∆( ) = 2 . Hence, the time-varying parameter is explained by a constant , by an autoregressive term , and by the average product over the last 10 observations of the transformed difference of variables .
The bivariate Rotated Gumbel copula is defined by 
where the two parameters ∈ (0, 1) and ∈ (0, 1) representing the lower and upper tail dependence respectively. The tail dependence parameters evolve according to:
where ∆( ) = (1 + − ) −1 is a logistic transformation used to retain ∈ (0, 1) and ∈ (0, 1).
